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CHAPTER
Complex Numbers

| IR LYW JEE Advanced/ IIT-)EE
— 3. Ifthree complex numbers are in A.P. then they lie on a circle
A Fill in the Blanks in the complex plane. (1985 - 1 Mark)
4

The cube roots of unity when represented on Argand

I Ifthe expression (1987 - 2 Marks) diagram form the vertices of an equilateral triangle.
(1988 - 1 Mark)
. (x x) .
[sm (5) +cos (5) +itan (x)}
2 C MCQs with One Correct Answer
1+2isin (—H
[ 2 1.  Ifthe cube roots of unity are 1, », ®?, then the roots of the
, ) . equation (x—1)3+8 =0are (1979)
isreal, then the set of all possible values of x is ............ @ -1,1+20,1+20? (b) = 1,1-20, 1 — 207
2. For any two complex numbers z,, z, and any real number a © -1,-1,-1 (d) None of these
andb. (1988 - 2 Marks) 2.  The smallest positive integer n for which (1980)
|az,—bzyP+| bz, +az, P=............. "y
3. Ifa, b, c, are the numbers between 0 and 1 such that the (sz) =1is
points z; =a+1i,z,=1+ biand z,= 0 form an equilateral @ n=8% ®) n=16

triangle, thena=....and b= ... (1989 - 2 Marks) (© n=12

4. ABCDis arthombus. Its diagonals AC and BD intersectat 3.
the point M and satisfy BD = 24C. If the points D and M

(d) none of these
The complex numbers z = x + iy which satisfy the equation

represent the complex numbers 1+ i and 2 - i respectively, z-5i| _ 1 lic on (1981 - 2 Marks)
then A represents the complex number ......... Of.......... Z+5i
) (1?93 -2 Marks) (@) thex-axis
5. Suppose Z,, Z,, Z, are the vertices of an equilateral triangle (b) the straight liney=>5
inscribed in the circle |Z]=2. IfZ,= 1 + i3 then Z,= ......., (¢) acircle passing through the origin
A T (1994 - 2 Marks) (d) none of these
i 5 5
6.  The value of the expression (3 N (BN
14Q2-0)2-07)+2+(3-0)3-0)+. . +Hn-1) (-0)(n-0?), 4 I z=|Z7+5] +[ =0 then  (1982-2 Marks)
where o is an imaginary cube root of unity, is.....

(1996 - 2 Marks) (@) Re()=0 (b) Im(z)=0
(© Re@>0,Im@z)>0  (d) Re(z)>0,Im(z)<0

B True/False 5.  The inequality |z - 4| < |z - 2| represents the region given

. . by (1982 - 2 Marks)
1.  For complex number z; = x; +iy; and z, = x; +iy, , we @ Re(z)>0 () Re(z)<0
write z; Nz, ,if x; < x, and y; < y, . Then for all complex (©) Re(z)>0 (d) none of these

-2 6. If z=x+iy and o=(1-iz)/(z—i), then |w|=1 implies
numbers zwith 1Nz, we have 112 N0 . (1981 - 2 Marks) that, in the complex plane, (1983 - 1 Mark)

. (a) zlieson theimaginary axis
2. Ifthe complex numbers, Z,, Z, and Z, represent the vertices (b) zlies on the real axis

of an equilateral triangle such that (¢) zlies on the unit circle
|Z\|=1Z,|=1Z;|then Z, + Z,+ Z;=0. (1984 - 1 Mark) (d) None of these
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The points z,, z,, z, z, in the complex plane are the vertices
of a parallelogram taken in order if and only if

(1983 - 1 Mark)
@ z,+z,=z,+z ®) z,+z;=z,+z,
© z,+z,=z;+z, (d) None of these
Ifa, b, c and u, v, w are complex numbers representing the
vertices of two  triangles such  that
c=(1-r)a+rband w= (1 —r)u+rv, where ris a complex
number, then the two triangles (1985 - 2 Marks)
(a) have the same area (b) aresimilar
(c) are congruent (d) none of these

If o ( 1)isa cube root ofunity and (1 + u))7 =A+B @ then
A and B are respectively (1995S)
@@ 01 (b) 1,1 © 1,0 @ -11

Let z and ® be two non zero complex numbers such that
|z|=] o |and Argz+ Arg ® =7, thenzequals  (1995S)
@ o b -o ©) @ -
Let z and o be two complex numbers such that |z | < 1,
|o|<land|z+iw |=|z—i®|=2then zequals (1995S)
(@ lori (b) ior—i (c) lor-1 (d) ior-1
For positive integers n,, n, the value of the expression

A+ + A+ +(1+°)2 +(1+i)"2 ,wherei= \[_|

is a real number if and only if (1996 - 1 Marks)

@ n=n,+1 (b) n=n
(©) n=n, d n>0,n,>0
334 365
1 l\/_\
Ifi=\—1,then4+5 L—§+—J 3L—— —J
is equal to (1999 - 2 Marks)

@ 1-i3 () —1+i3 () i3 @ -if3

Ifarg(z) <0, then arg (-z) - arg(z) = (2000S)
T

@ = (b) -n © -3 @ 3

Ifz,, z, and z, are complex numbers such that (2000S)

al=lal= [ =4 e 1 then [z e
Z1 zy z

(a) equaltol (b) lessthan 1

(c) greaterthan 3 (d) equalto3

Let z, and z, be n' roots of unity which subtend a right
angle at the origin. Then n must be of the form  (2001S)
(@ 4k+1 (b) 4k+2 (c) 4k+3 d) 4k
The complex numbers z,, z, and z, satisfying

1-i\3
22—23 2

21723 _

are the vertices of a triangle which is

(a) ofareazero

(b) right-angled isosceles
(c) equilateral

(d) obtuse-angled isosceles

(2001S)
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19.

20.
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24.
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For all complex numbers z,, z, satisfying |z/|=12 and
| z,-3-4i| =5, the minimum value of |z -z,| is (2002S)

@ 0 ® 2 © 7 @ 17

-1
If|z|=1and(o=%( where z # —1)  then Re(w ) is

@ o b)) - l 3 (2003S)
|z+l|
z 2
© [P T

If o (# 1) be a cube root of unity and (1 + w?)" = (1 + w*)",

then the least positive value of n is (2004S)
@ 2 (b) 3 (© 5 d 6

The locus of z which lies in shaded region (excluding the
boundaries) is best represented by (2005S)

(-1++/2,42)

A
1,0\

(-1+42,-42)

(@ z:|z+1]>2andlarg(z+1)|<n/4
(b) z:|z—1]|>2and |arg (z-1)|<n/4
(©) z:|z+1|<2and |arg (z+1)|<m/2
(d) z:|z—1|<2and|arg(z+]1)|<w/2
a, b, ¢ are integers, not all simultaneously equal and © is
cube root of unity (0 # 1), then minimum value of

N

la+ bw+ co?|is (2005S)
3

@ 0 (b) 1 (© £ @ 5
Let o = —% +i g , then the value of the det.

1 1 1

2 2

boolmot ol (2002 - 2 Marks)
1 o o
@ 3o (b) 3o(o-1)
© 30° @ 3o(l-w)

If M;__WZ is purelyreal wherew=a+ip, = 0andz#1,
then the set of the values of z is (2006 - 3M, -1)
@ {z:E=1} (b) {z:z=72}
(©) {z:z=l1} d) {z:l7=1,z=1}
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A man walks a distance of 3 units from the origin towards
the north-east (N 45° E) direction. From there, he walks a
distance of 4 units towards the north-west (N 45° W)
direction to reach a point P. Then the position of P in the
Argand plane is (2007 -3 marks)
(@) 3e™+4i () (3-4i)e™

(©) (4+3i)e™ d) (3+4i)e™

z

If|z|=1and z# £ 1, then all the values of lie on

1-22

(a) aline not passing through the origin (2007 -3 marks)
®) |zl=+2

(c) thex-axis

(d) they-axis

A particle P starts from the point z, = 1 +2i, where i = J-1.

It moves horizontally away from origin by 5 units and then
vertically away from origin by 3 units to reach a point z;.

From z, the particle moves /2 units in the direction of the

A oa . L
vector i+ and then it moves through an angle 5 in

anticlockwise direction on a circle with centre at origin, to

reach a point z,. The point z, is given by (2008)
@ 6+7i (b) —7+6i
(c) 7+6i d) —6+7i
15
Let z=cos @ +isin 6. Then the value of ) Im(z*" )
m=1
at 9 =2°is (2009)
1 1 1 1
@ Sz ® Tz O e 9 Gr

Let z=x + iy be a complex number where x and y are integers.
Then the area of the rectangle whose vertices are the roots
of the equation : zZ°> +Z 2> =350 is (2009)

(@ 4 (b) 32 (c) 40 (d 80
Let z be a complex number such that the imaginary part of z
isnon-zeroand a=z* +z+ 1 isreal. Then a cannot take the

value (2012)
1 1 3
@-1 ©®; ©5; @3

1
Let complex numbers a and 3 lie on circles (x — X0)2

+(y—yp)2 =12 and (x— xp)2 + (y - yp)? = 4r2.
respectively. If z, = x,, + iy, satisfies the equation

2zo|* =1% +2, then|a|= (JEE Adv. 2013)

1

1 1
@ 5 © 3 © @ 3

I ) I MCQs with One or More than One Correct

If zy =a+ib and z, =c+id are complex numbers such
that |z,| = |z,/=1 and Re(z, z; )=0, then the pair of complex

numbers w; =a+ic and wy =b+id satisfies —

(1985 - 2 Marks)
@ |ml=1 (b) w1
(©) Re(ww,)=0 (d) none of these
Let z, and z, be complex numbers such that z; # z; and

| Z) | = | Z | .If z, has positive real part and z, has negative

Z1+ 2y

imaginary part, then maybe (1986 - 2 Marks)

2

(b) real and positive
(d) purelyimaginary

(@) zero
(c) real and negative
(¢) none of these.

If z; and z, are two nonzero complex numbers such that
|21 + z5 |5l z1 | +] z5 |, then Arg z; — Arg z, isequal to
(1987 - 2 Marks)

@ - 0 -2 ©0 @ 7
€ =
6
The value of ) (sin2—77tk —icos 2L7k) is (1987 - 2 Marks)
k=1
(@ -1 (b 0 (© -—i @ i
(¢) None

If @ is an imaginary cube root of unity, then (1 + ® — w?)’

equals (1998 - 2 Marks)

(@ 1280 (b) -1280 (c) 128w’ (d) —128w?
13

The value of the sum El ("+i"*!), wherei= ./_1 , equals

n=

(1998 - 2 Marks)

@@ i (b) i-1 (c) —i d 0
6i -3 1

If|4 3i -l=x+iy then (1998 - 2 Marks)
20 3

(@ x=3,y=2 ®b) x=1,y=3

(© x=0,y=3 (d x=0,y=0

Let z; and z, be two distinct complex numbers and let
z2=(1~-1)z, + tz, for some real number t with 0 <7< 1. IfArg
(w) denotes the principal argument of a non-zero complex
number w, then (2010)

@ |z—zi|+|z—z|=]z— 2, |
(b) Arg(z—z))=Arg(z-z,)

z—Z E—El

© 27
(d) Arg(z-z))=Arg(z,~-z))

-7
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® Topic-wise Solved Papers - MATHEMATICS
i 8.  Show that the area of the triangle on the Argand diagram
+i pne o — _
Let w=""7— andP={w":n =1,2,3, .}. Further H, formed by the complex numbers z, iz and z + iz is % 1z
1 -1 (1986 - 2%, Marks)
zeC:Rez>— H,y=zeC:Rez<—,, i .
{ 2} and 72 { 2} wherecis the 9. LetZ =10+6iand Z,=4+6i.If Zis any complex number
set of all complex numbers. If zy € PnHy,z, e PnH, and such that the argument of (Z-2y) is ™ then prove that
O represents the origin, then £z,0z,=  (JEE Ady. 2013) (Z-2,) 4
@ = ® = © 2n @ 5m |Z-7-9i]=3+2 . (1990 - 4 Marks)
a) = = ) — —
2 6 3 6 10. Ifiz*+2z2—z+i=0, thenshowthat|z|=1.
10. Leta,beRanda?+b? # 0. (1995 - 5 Marks)
1 11. If|Z<1,|W|<1, show that
Suppose S={ZeC:Z= +_bt,+e]R,t¢0 , where
a+i
| Z-W P <(Z|-|W|)?* +(ArgZ - ArgW)?
i=+/—-1.1fz=x+iyand z € S, then (x, y) lieson (1995 - 5 Marks)
(JEE Adv. 2016) _
: { 12. Find all non-zero complex numbers Z satisfying Z = iZ>.
(@) thecircle with radius % and centre (Z , 0) fora>0, (1996 - 2 Marks)
13.  Letz, andz, be roots of the equation z2+pz+q =0, where the
b* 0 coefficients p and ¢ may be complex numbers. Let 4 and B
1 1 represent z, and z, in the complex plane. If ZAOB=a # 0
(b) the circle with radius =7~ and centre (_5’0) for and O4 = OB, where Ois the origin, prove that
o
a<0,b#0 p? = 4q cos? (3) (1997 - 5 Marks)
(¢) thex-axisfora #0,b=0
@) they-axisfora=0,b#0 14. For complex numbers z and w, prove that |z w-wi? z=z-w
... if lyifz= w=1. 1999 - 10 Mark.
14 Subjective Problems ifand onlyifz=wor 2 ( arks)
15. Leta complex number o, o # 1, be a root of the equation
Express __ inthe formx+#y. (1978) zi”+ 9-27-z9+1=0, where p, q are distinct primes. Show that
1—cos@+2isin® either 1 +o+o2+...+aP !'=0o0rl+a+o?+.. +ad =0,
complex cube roots of unity, show that xyz = a3+ b>. 16. Ifz, and z, are two complex numbers such taht |z | < 1<|z,|
(1978) =
then prove that 122040, (2003 - 2 Marks)
a+ib a2+b2 Z1—2p
Ifx+iy= ‘d,provethat(x2+y2)2= > (1979)
cr ¢ +d 17. Prove that there exists no complex number z such that
Find the real values of x and y for which the following
n
equation is satisfied a +;)x.— 2 @ _33’)«"’ i (1980) |z | <% and Y a,z" =1 wherela|<2. (2003 - 2 Marks)
+1 —1 r=1
Let .the complex number z,, z, apd z, be the vertices ofan e Find the centre and radius of circle given by
equilateral triangle. Let z, be the circumcentre of the triangle.
Then prove that z,2 + z,2 + z,2=3z2. (1981 - 4 Marks) z—0,
Prove that the complex numbers z|, z, and the origin form Bl ko1
an equilateral triangle only if
2242222, =0. (1983 - 3 Marks) where, z=x+iy, a = o, +ia,, B=pB,+iB,(2004 - 2 Marks)
19. If one the vertices of the square circumscribing the circle

Get More Learning Materials Here : I

If1,a,,a,....., a,_, arethenroots ofunity, then show that
(I1-ap)(-ay)(1-ay)..(1-a,_,)=n(1984 - 2 Marks)

lz-1] = V2 is 2++/3 i . Find the other vertices of the

square. (2005 - 4 Marks)
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Complex Numbers

| 3 Match the Following

DIRECTIONS (Q. 1 and 2) : Each question contains statements given in two columns, which have to
be matched. The statements in Column-I are labelled A, B, C and D, while the statements in Column-
1l are labelled p, q, 1, s and t. Any given statement in Column-I can have correct matching with ONE OR
MORE statement(s) in Column-11. The appropriate bubbles corresponding to the answers to these
questions have to be darkened as illustrated in the following example :

If'the correct matches are A-p, s and t; B-q and r; C-p and q; and D-s then the correct darkening of
bubbles will look like the given.

PaqgQr s t

00OO0
®00>®
11 1G/O]6)
®OOOW®

0w »

1.  z »0isacomplex number

Column I Column IT

(A) Rez=0 () Rez?=0
T

B) Argz= @ Imz*=0

() Rez?= Imz2

(1992 - 2 Marks)

2. Match the statements in Column I with those in Column IIL. (2010)
[Note : Here z takes values in the complex plane and Im z and Re z denote , respectively, the imaginary part and the real part of z.]
Column I Column II
4
(A) The set of points z satisfying (p) an ellipse with eccentricity 3
|z—i]z||=|z+i]| z|| is contained in or equal to (q) theset of points z satisfying Imz=10
(B) The set of points z satisfying (r) the set of points z satisfying Imz | <1

|z+4|+|z—4|=10is contained in or equal to

(C) If| w|=2, then the set of points (s) the set of points z satisfying | Re z | <2

1. . .
z=w—— is contained in or equal to
w

(D) If| w|=1, then the set of points (t) the set of points z satisfying | z | <3

1. L
z=w+ — is contained in or equal to.
w

DIRECTIONS (Q. 3) : Following question has matching lists. The codes for the list have choices (a),

(b), (c) and (d) out of which

ONLY ONE is correct.
2k . (2km
3. letz = cos(l—on) +isin [ o ) k=1,2,...,9. (JEE Adv. 2014)
List-I List-II
P.  For each z; there exists as Z such that z;. z= 1 1. True
There exists a k € {1, 2, ...,9} such thatz;.z=z, 2. False

has no solution z in the set of complex numbers

|1—Zl||1—22|....|1—29|

R. 10 equals 3. 1
9
2k
S. ZCO ( n) equals 4. 2
e 10
P QRS P QRS
@ 1 2 43 ®b) 2 1 3 4
c 1 2 3 4 d 2 1 43

Get More Learning Materials Here : I m
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Topic-wise Solved Papers - MATHEMATICS

G Comprehension Based Questions

PASSAGE-1
Let 4, B, C be three sets of complex numbers as defined below

A={z:Imz2>1}
B={z:|z-2-i|=3}

C={z:Re((1-i)z) =2}

1.  The number of elements in the set ANBNC is (2008)
@@ 0 (b) 1 () 2 D

2. Letzbeanypointin ANBNC.
Then, |z+ 1 —i|? +|z— 5 — i|? lies between (2008)
(a) 25and29 (b) 30and34
(¢) 35and39 (d) 40and44

3. Let z be any point AnBNC and let w be any point
satisfying [w—2 —i| < 3. Then, |z] - [w] + 3 lies between

(@ —6and3 (b) 3and6 (2008)
(c) —6and6 (d -3and9
PASSAGE-2

Let §=8; NS, NS5, where

z—l+\/§i
S ={zeC:|z|<4},S,=9z€C:Im| —————|>0
=4 lz]|<4}, S, { {l—ﬁi} }

and S; ={zeC:Rez>0}.

4. AreaofS= (JEE Adv. 2013)
10 20 16 32
@5 O 5 ©5 @5

| IEZ 22 JEE Main / GIEEE

1. zand ware two nonzero complex numbers such that | z|=|w|

and Argz+ Argw = r then z equals [2002]
@ ® b) - © o @ -o

2. If|z-4|<|z-2|,itssolution is given by [2002]
(@) Re(z)>0 (b) Re(z)<0
(¢) Re(z)>3 (d) Re(z)>2

3.  Thelocus of the centre of a circle which touches the circle |
z-z,|=aand|z~z,|=bexternally (z, z; & z, are
complex numbers) will be 12002]
(a) anellipse (b) a hyperbola
(c) acircle (d) none of these

4., Ifzandw are two non-zero complex numbers such that

|z0|=1 and Arg(z)—Arg(co):%,then Zw is equal to

[2003]

(a) i (b) 1 () -1 (d) i

(Y
.

S.

6.

min |1-3i-z|= (JEE Adv. 2013)

zeS
2-3 2+43
(@ — (b) 2
3-43 3+43
© — (d) 2

| Bl Integer Value Correct Type

Ifz is any complex number satisfying |z— 3 —2i| < 2, then the
minimum value of |2z — 6 + 5i is (2011)
in
Let =e3 anda, b, , x, , zbe non-zero complex numbers
such that (2011)
atb+tc=x
a+bo+co?=y

a+bw?+co=z

2 2 2

x|©+ +z[F .

Then the value of %
lal”+[b]" +|c]|

) kn)  [(kn
For any integer £, let o, = cos ) tisin| ), where

12
Dl oy —oy |
i= /_1 . The value of the expression 3k=1
P CIREL Y
k=1
is (JEE Adv. 2015)

Let Z; and Z, be two roots of the equation
72 +aZ +b=0 »Zbeing complex. Further , assume that

the origin, Z; and Z, form an equilateral triangle. Then
[2003]

@ g2=4p 0 g2=p © 42=2p (D 42 =3p

If(lH) =1 then

1-i

[2003]
(a) x=2n+1,wheren is any positive integer
(b) x =4n , wheren is any positive integer

(c) x=2n,where n is any positive integer
(d) x=4n+1,wheren is any positive integer.

Let z and wbe complex numbers such that z +iw=0 and

arg zw=mn. Then arg z equals [2004]
Sn T 3n T

@ - ® 3 © 7 @ 7
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1
= X
If z=x—iy and z3 = p+ig, then (;+§)/(P2+q2)is

equal to [2004]
@ -2 (b) -1 ©2 @1
If |22 —1|= z ]* +1, thenz lies on [2004]

(@) anellipse
(c) acircle

(b) the imaginary axis
(d) the real axis

Ifthe cube roots of unity are 1, @, @ then the roots of the

equation (x—l)3 +8=0,are [2005]

@ -1,-1+20,-1-20°

b)) -1,-1,-1

© -1,1-20,1-20?

@ -1,1+20,1+20°

If z; and z, are two non- zero complex numbers such that

lz1+2z3|=|z| + |2, |, thenarg z; —arg z, isequal to

[2005]
T -
@5 -z ©O0 @ -
If o= zl and | ® | =1, then z lies on [2005]
z——I
(@) anellipse (b) acircle
(c) astraight line (d) a parabola
10
The value of > (Sin 2kR | icos 2k_rr) is [2006]
] 11 11
@ i (b) 1 ©-1 (d) —i

If 22 +z+1=0, wherezis complex number, then the value
of

[2006]
(@ 18 (b) 4
(c) 6 d 12
If | z+ 4| < 3, then the maximum value of
|z+1]is [2007)

@ 6 (b) 0 (©4 (d) 10

1
The conjugate of a complex number is .—lthen that

complex number is
1
i+1

[2008]

-1 -1 1
@ - (b) © 3 (@) 1

1—

17.

18.

19.

20.

21

22.

23.

Let R be the real line. Consider the following subsets of the
plane R x R:

S={(x,y):y=x+1and 0 <x<2}

T'={(x,y): x—yis an integer},

Which one of the following is true?

(@) Neither Snor T'is an equivalence relation on R
(b) Both Sand T are equivalence relation on R

(¢c) Sisan equivalence relation on R but 7'is not
(d) Tis an equivalence relation on R but S is not
The number of complex numbers z such that
lz—1]=]z+1|=|z—i| equals

@@ 1 (b)2 (©) @0

Let a., B be real and z be a complex number. If 2 + oz + =0
has two distinct roots on the line Re z =1, then it is necessary
that : [2011]

@ PBe(-L0)
© Be(,)

[2008]

[2010]

o) |B|=1
@ Be (O,

If o(#1) is a cube root of unity, and (1+m)7 = A+ Bw.
Then (4, B) equals |2011]
@@ (1) ®O1,0
© L) @O0

2
Ifz# 1 and __is real, then the point represented by the

z—1
complex number z lies : 12012]
(a) either on thereal axis or on a circle passing through the

origin.

(b) ona circle with centre at the origin

(c) either on the real axis or on a circle not passing through
the origin.

(d) onthe imaginary axis.

If z is a complex number of unit modulus and

argument 0, then arg Gi—f) equals: [JEE M 2013]
zZ

s

@@ -6 (b) 5 -6

> ()6 (d) -0

Ifzis a complex number such that |z| > 2, then the minimum

value of

1
z+—
2

: [JEE M 2014]
L 5
(a) is strictly greater than 3

3 5
(b) is strictly greater than 3 but less than 3

5
(c) isequal to 5

(d) lieintheinterval (1,2)
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24. A complex number z is said to be unimodular if |z| = 1. 243isin6
z,-2z, 25. Avalue of 0 for which 1-2isin6 is purely imaginary, is:
Suppose z, and z, are complex numbers such that 5 —_— ~41sm
12

is unimodular and z, is not unimodular. Then the point z, [JEE M 2016]
lieson a: [JEE M 2015] (B (1
(a) circle of radius 2. (a) Sm e (b) sin (EJ
(b) circle of radius /2.
L . T T
(c) straight line parallel to x-axis © 3 @ 5

(d) straight line parallel to y-axis.
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Complex Numbers

Section-A : JEE Advanced/ IIT-JEE

A1 2nn,nn+§ 2 @+ P+ 2P 3. 2-43,2-43
& Lol 5. 2 1-i5 6. =17 +3n+4)
B L. T 2. T 3. F 4. T
C 1L () 2. (d) 3. () 4. (b 5. (d) 6. (b
7. () 8. (b 9. () 10. (d) 1. (o)
12. (d) 13. (0) 14. (a) 15. (a) 16. (d) 17. ()
18. (b) 19. (a) 20. (b) 21. (a) 22. (b) 23. (b)
24. (d) 25. (d) 26. (d) 27. (d) 28. (d) 29. (a)
30. (d) 31. (0)
D 1. (abc) 2. (a,d) 3. (© 4. (@ 5. (@ 6. ()
7. (d) 8. (ac,d) 9. (cd 10. (a,c,d)
| ~2cot®/2) . 5B a-kp . _ kK
E 1 (5+3cosej+(5+3cosejl 4 x=3y=-1 1. i, —=—— 18 s = ,radlus—ll_k2|loc—ﬁl
19. (1=B)+i, -3, (B+1)—i
E 1. (A)-q:(B)-p 2. (A)-q,r;(B)-p;(C)-p,s,t;(D)-q,1,5,t 3. (©
G L (b 2. (0 3. (d 4. (b) 5. (0
I L 5 2. 3 3. 4
Section-B : JEE Main/ AIEEE
1. () ) 3. () 4. (a 5. (d 6. (b
7. (© 8. () 9. (b 10. () 1. (0) 12. (o)
13. (d) 14. (d) 15. () 16. () 17. (d) 18. (a)
19. (o) 20. (a) 21. (a) 22. (c) 23. (b) 24. (a)
25. (b)

I T/ o N JEE @Advanced/ lIT-)EE

A. Fillin the Blanks But ATQ, /, () =0 (aszis real)
1 Letzzsinx;’2+cosx;’2+itanx = tanx—23in§(sin§+cos§]=0
1+ 2isinx/2
_ (sinx/2+cosx/2 +itanx)(1 - 2isinx/2) _ SIDX 5 n?x/2-2 sinx/2 cos x/2=0
(1+2isinx/2)(1-2isinx/2) cosx
sin x .
[sinx/2+cosx/2+2sinx/2tan x) = —(1-cos x)—sin x=0
+i(tan x —2sin® x/2 - 2sin x/2 cos x/2)] cosx

(1+4sin? x/2)
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. 1
sin —1|[-[0-cos x]=0
= x[COSx } [ *]

1—cos x
- | —==

)sin x—[l-cos x]=0
cos X

= (1-cos x)(s“”‘ —1) -0
COSX

= cosx=1 = x=2nn and

tanx=1 = x=nn+ n/d
x=2nn,nnm + n/4 Ans.

2 laz —bzy P +|bzy + azy [
= 2 | 71 |2 +b? |z, |2 —2ab Re(21;2)+b2 | 7 |2
+a? |z, |2 + 2ab Re (21;2)
=(@+6) (7 P+ )

3. KEYCONCEPT: |z -z, |=distance between two
points represented by z, and z,.

As zy =a+i, zy =1+bi andz, =0 form an equilateral

triangle, therefore |z) — z3| =|zy — 23] = |z — 25|

= |a+i|=|1+bi|=|(a=1)+i(1-b)|

= @+1=1+52=(a—1)? +(1-b)?

= a=b=a*+bh*-2a-2b+1

— a=b D

(- a,b>0 a #-b) and
b*—2a-2b+1=0

or a’-2a-2b+1=0 -2

= a*-2a-2a+1=0 [*-a=b]

= a*-4a+1=0

= a=4i22\/§=21x/§ But 0<aq,b<1
a=2-3 also p=2-.3

4. Ifwe see the problem as in co-ordinate geometry we have
D= (1,)andM=(2,-1)
We know that diagonals of rhombus bisect each other at
90°

AC passes through M and is L to BD
Eq. of AC in symmetric form can be written as

x—2 B y+1 _,
N RYNE

Now for pt. A, as

AM =%DM =%\/(2—1)2 +(-1-12 =52

Putting r = +/5/2 we get,

x-2 y+l1

25 15

= x=il+2,y=i%—l

+5/2

-1 -3
= x=3 or Ly 20r2
Pt. Ais3—i/2 or 1-(3/2)i
Let z,, z,,z, be the vertices 4, B and C respectively of
equilateral AABC, inscribed in a circle | z| =2, centre (0, 0)

rasius =2
Zl = 1+ l\/§

2ni

Given

ZH = eTzl
= (cos 2%+isin27n) (l+i\/§

—C

2

and z; =™ 7

= (cos4—;+isin4?n) (1+ i@

=(_1_2i‘/§](1+i\/5 =#\/§+3=1—1\/§

rth term of the given series,
=r[(r+)-o]r+1)-v?]
=r[r+1)? - (@+0*)(r+)+e’]
= r[(r+ )% =(=D)(r+1) +1]

=r[(FF +3r+3]=r +3r2 +3r
Thus, sum of the given series,
(n-1)
= > @ +3r7+3r)
r=1

(n=1)%n? +3%(n—1) (n) 2n-1) +3.%(n—l)n

=

1 1 3
= (n—1) (n)[z(n—l)n+5 (2n—l)+5]
=%(n—l) n[n* —n+4n—-2+6)

=%(n—l)n[n2+3n+4]

GP_3480
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B. True/ False
1. Letz=x+iy
then 1Nz=>1<x&0< y (by def.)
Consider

1—z_1—(x+iy)_(l—x)—iyx(l+x)—iy
1+z 1+(x+iy) (A+x)+iy (Q+x)-iy

l—xz—y2 _p(l-x+1+x)

=(l+x)2+y2 (1+x)2+y2
2 2

_ l-x"—y~ 2iy
(l+x)2 +y2 (l+x)2 +y2
2 2
l1+z (1+x)"+y

and (1+x)2+y2 -
= l—xz—yZSOand -2y<0
= x2+y221and y >0 which is true as

x21& y>0

~. The given statement is true V z € C.
2. As|z|=|z| =]zl

2, Z,, Z, are equidistant from origin. Hence O is the

circumcentre of AABC. A(z)
But according to question

AABC is equilateral and we

know that in an equilateral A
circumcentre and centriod

C. MCQs with ONE Correct Answer

L. b (G-1P+8=0

EBD_7202

P

= (x—1)P =-8=(=2)}

= x-1=-2

or —2@m or—2m°

= x=-11-20, 1-202

1+ (+)? 1-1+2i

L@ ST aha+y

2

Now =1 = the smallest positive integral value of n

should be 4.
3. (@ ATQ|x+iy-5i|=|x+iy+5i|
= |x+@-5il=lx+@+5)i]
= X+ y-5)P=xt+@+5)
= x+y?-10p+25=x>+)2+10y+25
= 20=0 = y=0

‘a’ is the correct alternative.

o o (D28

2 2 2

NER .[—1 i3] )
=1 T=l(&)

2 2 2

2

z= (—i(x))5 +(ic)2)5 =—io” +io

=i(0)—0)2) =i(i\/3— =-3
= Re(z)<0andIm(z)=0
(b) is the correct choice.

5. @ |z-4|<]|z-2]

=
= -8 +16<-4x+4 = 4x-12>0
=

Comc(ljiitriodofAABC=0 © ORI A
(x—4)2+y*<(x-2)*+)?
Z1+2y+23 B(z) Clzy)
- = s Zl+22+Z3=0
3 ) x >3 = Re(z2)>3
Statement is true.
1-iz
3. Ifz},z,z;arein A.P. then, ZI'FTZ3= z, 6. O |ol=1= z—i =1

= z,is mid pt. of line joining z, and z;.
= z,,z,z;liconast. line
Given statement is false

“1+i _1-
4. -+ Cuberoots of unity are 1, +21\/§ , 2\/5
Vertices of triangle are
a0.0,8(2 L) (2 =5
22 2 2

= AB=BC=CA .. Aisequilateral.

Get More Learning Materials Here : I

= |l-iz|=|z-i|

= |[1-iGx+iy)|[=|x+iy-i]

=> [+D-ix|=]|x+

iy-1|

= 2=+ 1f

= 4y=0 = =0

= zlies on real axis

7. () Ifvertices of a parallelogram are z,, z,, z,, z, then as
diagonals bisect each other

. Z1t2z3 =22+Z4
2 2

= ztz=z,tz,
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8. () LetABC bethe A with vertices a, b, ¢ and POR be the
A with vertices u, v, w.
Thenc=(1-r)a+rb

A(a) P(u)

JAVAN

B(b) Co Q) R(w)

12. @

= w={-Hutrn = =r Q2

—a w—u

From (1) and (2)

(5] (W'"J
arg b-a 8 v—u
£=ﬂa d LCAB=ZRPQ

AB  PQ
= AABC ~ APQR 14. ()

vV—u

13. (¢)

9. ) (I1+w) =4+Bo
= (-0?) =4+Bo (- l+e+e®=0)
—0'*=4+Bo

—0?=A4+Bo ¢ @ =1)
l+o=4A+Bon = A=1,B=1

uu y

10. (d) - |z|=|o|andargz =t —arg ®

Let m=re® then z = re'(™™®

= z=rd" ™

=(re™®) (cos n+isinm) =® (-1) =&

11. (¢) Giventhat |z+io|=z-i®|

= |z=(-io)|=| 2 ~(~iw)]

= z lies on perpendicular bisector of the line segment 5. @
— . (@

joining (-iw)and (—iw), which is real axis,

(—iw) and (—iw) being mirror images of each other.

- Im(2)=0.

If z=x then |z|sl = x*<l=>-1<x<l

". (¢) is the correct option.

Get More Learning Materials Here : I m
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A+)" + 1+ +(1+2)2 +(1+i)™
=+ + (=) +(1+0)2 +(1-i)™
Using 1+i =2 (cosm/4+isinm/4)
and  1-i=+2 (cosm/4—i sinm/4)

We get the given expression as

™ 1T mm
=2 +
(«/ ) [cos 4 i sin 4}
+(~/ Z)nz [cos—nf;t +i sin _nin}

+(\/5)n2 [cosni—n—i sin %}

=(\/5)n [2cos }+(\/— [2 cos—=— }

= real number irrespective the values of n, and n,
*. (d) is the most appropriate answer.

E =4+50)* +3(0)’® =4+ 50+ 30°

—1+20+3(1+0+0%) =1+(-1+i/3) = i3

arg (z) <0 (given) = arg(z)=-—0
Now

(—=

z=rcos(—0)+i sin(—0) = r[cos(0) —isin(0)]
Again —z = —r [cos () —isin (0)]
=r [cos(n—0)+i sin(n—0)]
arg (-z)=n-0;
Thus arg (-z)-arg(z)=n-0-(-0)=n-0+0=mx
lz,1=12,|=]z]=1 (given)
Now, |z |=1 =]z |2=1 = zjz; =1
Similarly z,z5 =1, z3z3 =1
1 1 1

 zZ3

Now. =13|El+22+23|=1

GP_3480
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From fig. itis clear that | z,~z, | i.e., distance between z,
and z, will be min when they lie at 4 and Bresp. i.e.,
O,C, B, A are collinear asshown. Thenz—z,=AB=0A
— OB =12-2(5) =2. As above is the min, value, we

> |5tz +23)=1 NOTETHIS STEP

= |zl+zz +z3|=1

16. @ Let z="" =(cos2kn+isin2km)"" must have |z~ z,| >2.
. -1
19. (@) Giventhat|z|=1 and @ == (z # —1)
z=c052k—n+isin2k—n,k=0, L,2,....,n-1. z+1
n n

Now we know that 7z =| 7 |2

Let zl=cos(2k—ln)+isin(2kln) => z=1 (for [z[=1)
n

n
. co_(z—l}((?+l)_z?+z—?—l_ 2iy
and 22=c05(2k2“)+,~sin2k2“ TR @) Zrzezel 242x
n n [- zZ =1 and taking z = x+i ysothat
be the two values of z. s.t. they subtend Z of 90° at z+Z=2xand z—-Z =2iy]
origin.
dUqm 2k = Re(@)=0
As k, and £, are integers and k, # k, 5
n=4k kel ' >o)'=>01+0)"=(-0")" 20" =1>n=3
. 21. (a) Here we observe that.
21—z 1-if3
7@ 2 AB=AC=AD=2
23 . BCD is an arc of a circle with centre at 4 and radius
-1 1-i3 2. Shaded region is outer (exterior) part of this sector
- arg : = 2 ABCDA.
23 .. For any pt. z on arc BCD we should have
= arg (cos(—n/3)+isin(-m/3)) lz—(-1)|=2
= angle between z,—z, and z,~z; is 60°. and for shaded region, |z+1|>2 (1)
| P | i \/§| For shaded region we also have
|22—z3|— 2 | —n/d<arg(z+1)<n/4
- or larg(z +1)|<n/4 ..(i)
= _3 =1 2z —-z3|Hzp—2z3| Combining (i) and (ii), (a) is the correct option.
275 22. () Given thata, b, c are integers not all equal, ® is cube
NOTE THISSTEP root of unity » 1, then
= The A with vertices z,, z, and z, is isosceles with 2
|a+bw+co” |

vertical ~60°. Hence rest of the two angles should

1so be 60° each.
also be €ac. ‘ [—]+l\/§J (—1—1\/5)‘
=la+b 2 +c

= Req. Aisan equilateral A.
18. () |z,[F12 = z, lieson a circle with centre (0, 0) and 2

radius 12 units, and | z,—3—-4i|=5= z, liesonacircle
with centre (3, 4) and radius 5 units. - ’ (2" —b —c) " i(b\/g—c«/?jj ‘
2 2

A

=%\/(2a—b—c)2+3(b—c)2

=\/%[(a—b)2 +(b-c)? +(c-a)?]

R.H.S. will be min. when a = b = ¢, but we cannot take a
= b = ¢ as per question.
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.. The min value is obtained when any two are zero
and third is a minimum magnitude integer i.e. 1.
Thus b=¢=0, a=1 gives us the minimum value 1.

23. () Operating R, + R,+ R, we get
3 0 0
1 -1-0* o*|=3[-0-1-0]=3@’ -)
1 o o4
w-wz
24. d is purely real
-z
(W—WZ) (W—WZ) W—wZ w—wz
. = - =
-z -z 1-z -z
= W—-WZ—-WIZI+WZZ=W—WZ—-WZ+Wwzz
= w—vT/=(w—1T))|z|2
= |zP=1 (- w=a+if andB #0)
= |z| =1 alsogivenz # 1
.. Therequiredsetis {z:|z|=1,z # 1}
=30 (0-1)
25. @ OP=0A4+4P

= OP=04+0B

= (7}‘)=3ein/4 +4ei(n/2+n/4)

=3em/4 +4ei11:/2‘ei11:/4

=3¢/ 4 | 4ie™ =ei”/4(3+4i).
26. d) Given|z|=1landz # £1

To find locus of ® = >
1-z

V4

2 ZE—Z2

We have o =

1-z

[olzl=12]z P= 22 =1]

= _1 = purely imaginary number
Z-z

*. o must lie on y —axis.
The initial position of point is Z,= 1+ 2i
S Z=(1+5)+(2+3)i=6+5i

Now Z, is moved through a distance of /2 units in

27. @

the direction ; + j . (i.e. by 1 +i)
. It becomes Z;'=Z; +(1+i)=T7+6i

Now OZ;'is rotated through an angle % in

anticlockwise direction, therefore Z, =iZ,'=-6+7i

28. @

z=cos@+isind
= 2" = (cosO+ising)*"!
=cos(2m—1)0+isin(2m—1)0
[using De Moivre's theorem }
(cos@+isinB)" = cosnd +isinnd

Im(z" 1) =sin2m -1)0

15 15
D Im(z*" )= sin(2m-1)9

m=1 m=1

=sin f+sin30+sin50+......+ upto15 terms

sm[IS(é—eﬂ.sm[0+l4x6’]

sin@

_sin(nB/2).sinf[ac +(n—-1)/2]
sin(3/2)
_ sinl56.sin150  sin30°.sin30° _ 1
B sind B sin2° 4sin 2°
Given z=x + iy where x and y are integer

Also 723 +72° =350 = |z |2 (22 +22) =350

[Using sina +sin(a + B) +sin(a +28) +....nterms

29. (@)

= & +yH) 2 -yH) =175

= P+ P —y?)=25x7 ()
o (P+)H)(2-)H)=35x5 (i)

x and y are integers,

o x2 +y2 =25 and x? —y2 =7  [Fromeq(i)]

= x*=16 and y* =9
= x=14 and y=13
Vertices of rectangle are
4,3),(4,-3),(-4,-3),(-4,3).
So, area of rectangle = 8 x 6 =48 sq. units
Now from eq. (ii)
or x*+y?=35andx?-)?=5
= x2 =20, which is not possible for any integral value
of x
Im(z) # 0 = zisnonreal

30. @
and equation 22 +z+(1-a)=0
will have non real roots, if D <0

= 1-4(1-a)<0 = 4a<3 > a<%

3
a can not take the value Z
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31. (9 Asalieson thecircle (x—xof + (v =y, =7 2. (ad) Let z=a+ib,a>0andbeR;z; =c+id,
@z = d<0,ceR
= (a-zp)@-Zp) =7 <hee
_ _ then|21|=|22|:a2+b2=cz+d2
= 0o —0zy—0zy +2ZpZ =r2
2 LR . >d?-?=d*-p ()
= |af” +|zo|" ~ oz ~ @z =7 ® .
1 Now, ZI+22=(a+C)+l.(ll:+Z)
Also — lies on the circle (x—x?+ -y, =4r a-n (a-o)+ib-d)
) [(@® —c?)+(b* -d?))+i[(a-c)(b+d)—(a+c)(b—d)]
2 2
é—zo =4r2 = (é—zo)(l—f()):m’z (@=c)"+(b-d)
o * * il(a—c)(b+d)—(a+c)(b—d)] ‘
_ = 2 2 [Using (1)]
1 zg zZp _ 2 (a—c)” +(b-d)
= —_———T+2020=4r _ . . :
o o =  purelyimaginary number or zero in case
_ atc=b+d=0.
1 Zp ZpQ 2 2 .
= | |2_|a|2_|a|2+|20|=4r 3. (C) Let Zl=r1(00591+ism91)
o
, , and z, =7, (cos 0, +i sin 6,)
= l+|fx| lel‘ _zoa_..zoa=4r ] ® where 7 =|z |, r, 5z, |, 8 =arg (z7), 0, =arg (z;)
Subtracting eq” (i) from (ii) we get o o
5 5 2 2l z1+25 =1 (cos B +i sin 6;)+r, (cos B, +i sin 6,)
1- - = - . .
el +lz (ol ~D=r"@al" =D = (fcos B +nr cos 0,)+i(s sin O; +# sin 6,)
2 2 .2 2
o (ol =Dzl - =r"@ al" 1) = r12 cos? 61+r22 cos? 0, +2r 1, cos 0] cos 0,
2
Using |ZO |2= r we get +r12 Sin2 91 +r22 Sil'l2 92 +27'1 r sin 91 sin 92
P =1k +1} +25 1, cos (6, —6,)
(of -D==r*@|af - and |z |+|zy |=1 +7,
) Since | z; +z, |=| 2 | +] 2, | (given)
2 2 -
= ~1=8 -2 = o]
" -1=8]a] 77 = lzn+n =zl +1nl+207] 2]
D. MCQs with ONE or MORE THAN ONE Correct = i +15 421 005(8-6)) =1 +13 + 217y
1. (a,b,¢c) zy=a+ib and z,=c+id. = cos(6-6y)=1= 6,-6,=0
ATQ |zi[F =]z, =1 = Arg(z)=arg(z)
= a*+b*=1 and A+d*=1. ) - 9n
4. () Letz=cos 7+i sin =

AlsoRe (7, z,)=0 = ac+bd =0

= 2_ - =a (say) -2)
b ¢

From (1) and (2), we get
P al+br=ct’+c? = bP=c%
Similarly a? =d?

| oy |=\/a2 +c? =\/c2 +d* =1

and |0 |=\/b2+d2 =\/c2+d2 =1
Also Re () ®,) =ab+cd =(ba)b+c(—ca)

=a®-c?)=0

Then by DeMoivre’s theorem, we have

k 2nk . . 2nk
z" =cos —+i sin —
7 7

6
Now, Z(sin ﬁ—i cos ﬁ)
A 7
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We have (1+0+0°) = (-0* -0?)’

-2) (©*) =-1280"* =-128w?

13 13 13
S+ =Y "0+ =A+)D "
i=1 i=1 i=1
This forms a GP.

) ; (1—1'13) ) 13 .
SumofGP.=t(1+l)T=z—lasz =i
—1

Taking —3i common from C,, we get
6i 1 1
-3il4 -1 -1{=0

l . ‘ (.'. C2 = C3)
20 i i
= x=0, y=0
8. (ac,d)Giventhatz =(1-¢) z; +¢ z, where0 < ¢ <1
_(=0z +1z,
(1-1)+¢

= z divides the join of z,and z,internally in the ratio

t:(1-9).
) 1-t
". z;,z and z, are collinear e—e—o——
zZ z z,

= |z-z|+|z-z,| =]z —z)|
Also z = (1-t)z +1 z,

2724 _t — purelyreal number

-7

Z—2Z
arg( ! }= 0 arg(z —z;) =arg(zy —z1)

-7
z—z zZ -1z
Also Loy "Ly
23— 2 22—
z-z1 z-7
237 277
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V3 +i
2

T .. T

9. (c,d)w= =cos—+isin—
6 6

nm . . nm

and w" =cos?+lsm?

.. P contains all those points which lie on unit circle

and have arguments 66 and so on.
Asz,€ PnH, and z, € P H,, therefore z, and z, can
have possible positions as shown in the figure.

n 2n 3m
6)

Rc:-tz>l
L2

Rez<—l
2

5. 220z, can beEor%n.

10. (a,c,d)Z=a+ibt=X+iy
= x+iy=—za_i]:;t2
a“+b°t
L ox= a y= —bt
a +b%t2’ a? +b%t?
2 2 1 X
= R

X
- x*+y?-2-=0
a

1
Locus of z is a circle with centre (ga 0) and radius

1
S0l | a| irrespective of ‘a’ +ve or —ve

Alsoforb=0,a=0, weget,y=0
locus is x-axis
andfora=0,b=0wegetx=0
= locus is y-axis.
a, ¢, d are the correct options.
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E. Subjective Problems 5. y
A —
, 1 C(0,a\3)
: 1—cos 6+ 2i sin 6
1 1
" 2sin®0/2+4isin®/2 cos 0/2  2sin0/2 60°
sin@/2 - 2i cos /2 A-a0) Bg0)
(sin®/2+2i cos 6/2) (sin 6/2-2i cos 6/2)

) ) Let us consider the equilateral A with each side of length 2a
_ 1 sin8/2—2i cos /2 and having two of its vertices on x-axis namely 4 (-a,0) and
2sin6/2 (sin2 0/2+4 cos® 0/2 B (a, 0), then third vertex C will clearly lie on y-axiss.t.

} OC=2assin 60°=ay/3 .. Chas the co-ordinates (0,a./3).

Now in the form of complex numbers if 4, B and C are

1 2sin®/2—4i cos 6/2
" 2sin8/2 | 1-cosO+4+4 cos ©

represented by z,,z,, z;then z; =—a ; zy=a; zz=a V3 i
As in an equilateral A, centriod and circumcentre coincide,

2 [25in6/2—2i cos 9/2}

= 2sin 0/2 5+3cos 0 we get
+2zy+
_ [ 1 ) _,_(_2 cot 8/ 2} i Circumcentre, z = aArnra
5+3cos 6 5+3cos 6 3
which is of the form X+ iY. _—a+a+av3i_ia

2.  Aspand yare the complex cube roots of unity therefore, = %= 3 - f

let B=wmand y= w? so that o + w?+ 1=0 and 0*=1.

Then xyz= (a+ b) (aw?+ bw) (aw+ bo?) Now, 22 + 23 + 23 =a® +a°* —3a® =—a?

=(a+b) (>’ + abo* + abw? + b’ w?) ) ) . s 2 2 o

=(a+b) (a2+aboa+ abw?+ b2) (using = 1) and 320 =(@a)" =—-a" - Clearly 320 =z +zy +2z3

=(a+b) (a*+ab(w+ o?)+b?) 6. Weknowthat ifz,, z,, z, are vertices of an equilateral A then

=(a+ b) (a®*—ab + b*) (using o+ w2 =-1) -2, z3-7 Z,

=a3+b>  Hence proved. -z, = T -7 Here z,=0,

. +ib
3. Given x+iy= ¢ l'd A-%n __"4
c+i We get 2, 2 -2
.2 a+ib P
+ =— —(z - =
= () c+id D) = -@-n) =azn Z, Z,

Taking conjugate on both sides, we get - _ 212 _ z% +22) 2y =72y = 212 + z% —z; 2, =0.

(x—iy)? = a-— f'b O 7. 1,a,,a,,....a,_, are the nroots of unity. Clearly above n
c—id values are roots ofeq. x"—1=0
Multiply (1) and (2), we get Therefore we must have (by factor theorem)
2 42 X-1=x-1)(x-a)x-a,)..x-a,_)) (D)
(x2+y2)2=ﬁ x" -1
c“+d = 7" (x-ay) (x—az)...(x—a,y) -A(2)
" A+i)x-2i N @=3)y+i _ ; Differentiating both sides of eq. (1), we get
3+i . ?’" . . . " l=(x-a)(x-ay)) ...(x—a,_|)+(x-1)(x—a,)
= (@+2)x-6i-2+O-Ti)y+3i—1=10i wx—a, DF.F@x-1)(x-a,)..(x-a,_,)
= (@x+9-3)+2x-Ty-3)i=10i Forx=1,wegetn=(l1-a))(1-a)) ...(1-a,_,)
= 4x+9y-3=0and2x-7y-3=10 [All the terms except first contain (x — 1) and hence become
On solving these two, we getx=3,y=-1 zero forx=1] Proved.
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Let A=z=x+iy, B=iz=-y+ix,
C=z+iz=(x-y)+i(x+y)

. x y 1
Now, area of AABC = 5 - y x 1
x-y x+y 1

Operating R,—R,,R,—R,, we get
| x y 1
A=—|-y—x x-y 0

2
-y x 0

1
=5Ix(—y—x)+y(x—y)|

1 1
=S lmw-xt =yt ==yt

1 1
=3 | x% + y? |=5 |zI* Hence Proved.

We are given thatz, = 10+ 6i and z,=4+ 6i

Also arg [Z_Zl] .
z—2z,) 4

= arg (z—z,)-arg(z-z,) = ; NOTE THIS STEP
= arg ((x+iy)— (10+ 6i)) —arg((x + iy) — (4 + 6i)) = %

= arg[(x—10)+i(y—6)]—arg[(x—4)+i(y—6)]=%

1 y—6) _l(y—6) n
t (— —tan | 22| =2
I T x—4) "3

(=6 y-6 )
tan ™! | —X=10_x-4 =%
= 14— (=6

(x—4)(x—10)

(x=4)(y—6)—(x-10) (y—6) —tan®

(x—4) (x—10)+ (y—6)> 4
(x—4—x+10)(y—6)=(x—4) (x—10) + (y—6)?
6y—36=x2+y?-14x—12y+40+36
x2+y2—14x—18y+112=0
(x2— 14x+49) + (3P~ 18y + 81) =18
(x=7+(y-9)* = (3v2)?
|(x +iy) = (7+90)| =342

|z—(7+9i)| =3v2.

U

U Uy 4 suudy

Hence Proved.
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10.

11.

12.

1
Dividing through out by i and knowing that 7T —i, we get

P—iz2+iz+1=0

or ZX(z-i)+i(z—i)=0 as 1=-7
2

or (z-i)(Z*+i)=0 soz=i or z2=—i
lz|=lil=1lor|Z|=|zP =|-i|=1 = |z]=]

Hence in either case |z |= 1

Let Z =1 (cosb; +isin 6))

and W =r, (cos, +isin 0,)

Wehave | Z|=r,,| W|=r,, Arg Z=0; and

AI'g W= 92

Since | Z | < 1| W | <1, it follows that 7 < and r, <1

We have Z—W =(r; cos 6; —r, cos ;)

+i(7; sin 6; —r, sin 6,)

|Z—W|2 = (1 cos Oy —r, cos 8,)? + (7 sin@; —r, sin B,)>

= r12 cos? 0; + r22 cos? 0, —2 1ir, cos 6; cos 0, +r12 sin? 6,
+r22 sin’ 6, —2 nry sin 6; sin 0,

r12 (cos? 6, +sin? 01)+ r22 (cos? 0, + sin’ 6,)

— 2 ry (cos ) cos 6, +sin6; sinB,)
= 7‘12 +r22—2r1r2 COS (91 - 92)

= (n—-n)*+2nn[1—cos(6; — 6,)]

(A —r2)2 +4nn sin? (91 292)

sin(el _62)
2

2

[n=nf +anry

2 . (6,-6
<|n-n| +4 sm(%) [ <]
But [sin0]<|0|VOeR NOTE THIS STEP
Therefore,
0,-0,

|Z-WP<|n-n| +4

<|q-nf +]6,-6,

Thus | Z-W[* < (| Z |-|W|)? +(Arg Z - Arg W)?

Letz=x+iythen z = iz?

= x-iy=i(x*—y*+2ixy)
= x-iy=ix*-y)-2xy

GP_3480
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= x(1+2y)=0;x>-)y>+y=0

= x=00ry=—% = x=0,y=0, 1

or =—= x=+£
YTy TR

For non zero complex number z

NE) 1 3 1

=O, =1, =—, =——, =—’ = ——
XELy=L XS Y =T X V=T
B B
"2 2 2 2

13. Z2+pz+q=0
ot 5=—p 51574
By rotation through o in anticlockwise direction
z,=z € (D
100

Zy € coso+isina

21 1 1
Add 1 in both sides to get z, +z,=—p

. Z1t 2y _ 1+cos a+i sina — 2005%[005%+isin%j|

21 1

(22 + Zl)
|

a .
=2 cos—e'*/?

or e

On squaring (z, + z )2 = 4cosz(ot/ 2)zf &

o 9z a
=4cos? =z2.22 = 4 cos? — 7,z
5 7 5 A%

2

or p?=4q cos? %

14. Given that z and w are two complex numbers.
Toprove |z|? w—|wlz=z-w & z=worzip =1
First let us consider
[zPw—|wlz=z-w (D)
= z(1+|wP=w(1+[zP)

2

1+]|z
= > =a real number

z
w1+ |w|

4 4 z z
w. w o w w

U

= Zw=zw -A2)
Again from equation (1),
ZZW —WWZ =2 — W
z@zw-1)-wmz-1)=0
z(zw-1)—w(Ezw-1)=0 (Using equation (2))

= (@W-1)z-w)=0 = zw=lorz=w

Get More Learning Materials Here : I

15.

16.

17.

EBD_7202

Conversely if z=wthen
LHS. of (1)=|wP w-|w[>w=0
RHS. of (1)=w—w=0

(1)  holds
Alsoif z w=1 then
LHS. of (1)=zZw—-wwz
=zzw—wwz =z —w=R.H.S.
The given equation can be written as
(zP-1)(z7-1)=0

oz=() or (1) (D)

where p and q are distinct prime numbers.
Hence both the equations will have distinct roots and as
z # 1, both will not be simultaneously zero for any value of
z given by equations in (1)
NOTE THISSTEP

Hence proved.

—oP
Also 1+a+a?+. +aP! =11_a=0 (a#1)
-

—_a9
24 +aP =11—°‘=0(a¢1)

or l+a+a

Because of (1) either o = 1 and if a? = 1 but not both
simultaneously as p and ¢ are distinct primes.
Given that | /[ <1<|z,]

1—2122

Then <11is true

a-=
if | 1-2,2, | <|z~z,|istrue
if [1-2,Z; *< | z;—z,is true
if (1-22)(1-223) <(z1 —23) (z1—2z,) istrue
if (1-22,) (1-72) <(21 - 22) (2 - 22)
if 1-212p —Z12y + 21 7] 2225 <2121 — 2123

—Z12y + 252, is true

if 1+ 7 2| 2y P<| 7 * +] 2, [ s true
if (1-|z,?)(1-|z,?)<O0is true.
which is obviously true
as|z)|<1<|z,]

= |zP<I<|z

= |l-|z?>0and (1-|z,[))<0  Hence proved.

n
Let us consider, »"a,z" =1 where|a, |< 2
r=1
2 3 -
= aztaz taz+. . +taz'=1
= lagzta2+azB+ . taz'|=1 (1)
But we know that |Zl +2p |S|Zl |+|22 |
Using its generalised form, we get
2 3
la,z+ayz* +a,z°+ ... +a,z"|
<layz|+|ay2? |+ ... +|a,z"|
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= 1<al|z|+]a,| 22| +|a,|| 22| +... +]a,|lz"|
(Using eq" (1))

But given that | 4, [<2V r=1(1)"

1<2[|z|+|zP+|zP +..+|z["]
[Using| z#|=|z|"]

lz|(1-|z ") |z|—|z " e
= 12 [—] = 2 [—}ﬂ

1-|z]
= 2[lz]-|z[™ >1-|z|

1-]z|
(~r 1-]z|>0as|z|<1/3)

1 1 3 1 1
= Lt 22 = = >—+|z"F
(zl-lz| ]>2 2|Z| 2|Z| 5 |z]

l 3 n+l >l
= |z|>3+3|z| = |zl 3

. _ . 1
which is a contradiction as given that | z| < 3

There exist no such complex number.
We are given that

z—a
z-P
Let pt. Arepresents complex number a and B that of 8, and
Prepresentsz. then |[z—o |[=k|z—B|

= z is the complex number whose distance from 4 is £
times its distance from B.

iLe. PA=k PB

= Pdivides ABintheratiok: 1 internally or externally (at P').

p (k13+a) and P (kB—a)
k+1 k-1

Now through PP’ there can pass a number of circles, but
with given data we can find radius and centre of that circle
for which PP’ is diameter.
And hence then centre = mid. point of PP’

(KBra KB=a)  an ko kB ot k2P—kotkB—o
_ L k+l k=1 | = .
= 5 2k -1)

=k = |z-ol=k|z-B|

Then

_KB-a _a-k’B
1-k2

k-1

Also radius
1|kB+a kB-a
2 k+1 k-1

“Lipp =
2

1 |®B+ka-kB-a—k*B+ka—kB+a| _kla-Bl
2] -1 | 11-4
The given circle is
|Z—1|=\/5 where z;=1 is
the centre and .2 is

radius of circle. z, is one of
the vertex of square
inscribed in the given \» Z,
circle. z

Clearly z, can be obtained by rotating z, by an £90° in
anticlockwise sense, about centre z,

s
Z]2 i3

Thus, z,— z,=(z,— z,) ™2
or z-1=Q+i3-1)i = zy=i—3+1
2 =(1-3)+i
Again rotating z, by 90° about z, we get
Z,—2y=(2,—z)) i
= z-1=[(1-PB)+i-1]i=-Bi-1 = z;=— i3
andsimilarly 1= (- i3 -1) i=3-i

= zy=(B3+1)-i
Thus the remaining vertices are

(1-B3) +i,— i3, (SB+1)—i
F. Match the Following
zz0Lletz=a+ib
Re(2)=0=>z=ib=>z2=-1?
o Im (z)2=0
.. (A) corresponds to (q)

T
Arg z=— = a=b=>z=a+ia

4
22 =a% - a® +2id?; 22 =2ia’> = Re (2)*=0

.. (B) corresponds to (p).
(A)—>(q,1) |z—i|z|| = |z+i|z||

= zis equidistant from two points (0, |2 ) and

(0.~
.. z must lie on real axis= Im(z) = 0 also |I,,, (z)| <1
(B)—p

Sum of distances of z from two fined points (—4, 0) and
(4, 0) is 10 which is greater than 8.

.. z traces an ellipse with 2a =10 and 2ae =8

z|) which lie on imaginary axis.

-4
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(©) > ®,s,1) (S)ZT()’ (_4; _IOZI, Z,, ... Zy are 10th roots of unity.
Letw = 2(cos6 +i5in ) From equation 1+Z,+ Z,+ ...+ Zy=0
1 . 1 . Re(1)+Re(Z))+Re(Z))+.... +Re(Zy)=0
thenz:m—g=2(0059+zsm(—))—5(cosﬁ—ls1n9) —Re(Z)+Re(Z,)+ ... Re(Zg) =1
9 9
= x+zy—icos(-)+l§s1n6 - Zcoszkn - 1- coszlk—on=2
K=1

Hence (c) is the correct option.

9425
Here |2|= ,/ - \/7<3and|R(z)|<2

G. Comprehension Based Questions

2
Als0x=%cose,y=§sin6 = 4; 42“2 =1 For (Q.1-3)
Wehave 4= {z:Im(z) > 1}={(x,y):y > 1}
Which is an ellipse with e = , |1 - 2 _4 Clearly A4 is the set of all points lying on or above the line y

25 5 =11n cartesian plane.

B={z:]z-2-i|=3} = {(x,y): (x=2)* + (y-1)*=9}
= B is the set of all points lying on the boundary of the
circle with centre (2, 1) and radius 3.

C={z:Re[(1-i)z]= 2} ={(x,y):x+ty= {2}

D)—>(q, 1,5, 1)
Letw=cosO+isin® thenz=2c0s6 = Imz=0
Also|z|<3 and |Im(z)[<1,|R,(z)[<2

2km . 2km . . . . .
3. © P)->0):z = COSI—ORHSIHW k=1t09 = C is the set of all points lying on the straight line
2% represented byx +y= /2.
T

"z = e 10 Graphically, the three sets are represented as shown below :

¥

2kn !

1 e
Nowz.z=1=z;=—=e 10 =z

Zk

We know if z, is 10% root of unity so will be Z.

For every z;, there exist z,= zj,

Such that z; z; = z 2k =1

Hence the statement is true.

From graph 4 n B C consists of only one point P
[the common point of the region y> 1, (x—2)? + (y—1)?

=9andx+y= /2] sn(AnBnC)=1

Q- 2 =z :>z=§—" for z #0 )
1

. We can always find a solution to z;.z = z;,
Hence the statement is false.

2. (¢) Aszisapointof4 " BN C = zrepresents the point
(R) > (3): Weknow z!® —1=(z-1)(z-z)...(z— 29) P
St 1-iP4|z=5-i = z— (1 +)P+ -G +i)P
= (z-z7)(z-2).... (2—29)=Z —~ =PQ?+PR?=QR?=6%=36
z-1 which lies between 35 and 39
=1+z+22+ .2 . .
- .. (c) is correct option.
Forz=1 we get .
3. (@ Giventhatlw—2-i<3

(1-z)(1-z3)....(1-29) =10

Get More Learning Materials Here : I

= Distance between wand 2 +i i.e. Sis smaller than 3.
= wisa point lying inside the circle with centre S and
radius 3.

= Distance between z (i.e. the point P) and w should
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be smaller than 6 (the diameter of the circle) 2. (3
ie.|z—w|<6 The expression may not attain integral value for all a, b, c.

If we consider a=b=c then
x=3a,y=a(l+o+o?)=a(1+i.f3)

But we know that | z|— | w | <|z—w]|

= |lzl-lw|<6 =>-6<|z|-|W|<6
-3<|z|-|w|+3<9 Z=a(l+o?+o)=a(l +iy3)
For (Q.4 &5) = KP+P+EP=9aP +4aP +4(a?=17 |af

cx2 412
BiEryele xR +y P +lzf 17

. = = — (which is not an integer
| =D G £43) aP+lbP P 3 &
S,: Im| ———7%=—=1|>0
1-iV3
T
i(27) )
=S -D+(y+3)>0 =y +3x>0 Note : However if ® =e 3, then the value of expression
S;:x>0 can be evaluated as follows
Then S : §;nS,NS; is as shown in the figure given below. ) 5
y |x|2+|y| +z|©  ax+yy+zz
lal +16P +lcf laP +1b] +|cf
(0,4)
x2+y2=16 _ ) — 5
(a+b+c)a+b+c)+(a+bo+co”)a+bo’ +co)+
= (a+b(o2 +co))(c7+l7(o+E(o2)
- |af +16F +|cP
,%3 (2,-243) _ _
_ 31a 4316 +3|c[* +(ab +ab+ bz +be +aC +ac)(1+ o + o)
y+x3 =0 B lal? +1b 7 +|c
— . 2:
4. (b) Area of shaded region 3 (o I+rot+o’=0)
ink
2 o . s
_T g2, TXATX60° L 8n_20n 3. @ o= cos T 1 isin¥T = ¢ 7
4 360° 33 7
. inll—3i- 2l =min di W | — _im(ksl) ik ik
5. () I?é?' 3i-z| =min distance between z and (1,-3) U 1=%= ¢ T _e7 —e (& _)
Clearly (from figure) minimum distance between zes »
|(lk+1 —(X.k|= e’" 7 1‘
, - |V3-3] 3-43
and (1,-3) from line y+x~/3 =0 i.e. NI b
/7
= Z|ak+l—ak|=l2em —1‘
I. Integer Value Correct Type k=1
. (5 3 .
.. /7
Given |z—3—2i|<2 Similarly 2. |0t4k-1 — Gax—2| = 3[e’ —l‘
which represents a circular region with centre (3, 2) k=l
and radius 2. 1
¥ Z|ak+l — |

Now |2z 6+5'—2z—(3—§i]
oW 2z -6 +5i|= > 3k=1 =4
=2 x distance of z from P L Z |0l4k—1 - 0‘4k—2|
L k=1

(where Zlies in or on the circle) 5 -

X
/2
Also min distance of z from P= S IS
- 63)

.. Minimum value of [2z— 6 + 5i| =5
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L ® Letz[=lol=r 9. () [Z2-11zP +1 2|22 —1P=(Z +1)

. z=re%, @ =reit where 0+ ¢=1.
v 2= @) = peit gid=_peib=_5 [-+ & =re 9] = (22 -1)E2-1) = (Z +1)
2. (0 Given|z—4|.<|z—2|Letz=.x+iy =272 2 72 1 1=72F% + 277 +1
= x-4)+iy)[<|(x-2)+iy| _ ) _
= (x—4)2+)y2<(x-2)2 +)? :>z.+2zz+'z ='0 =>((z+2)" =0=>z=-Z
=S x?-8x+16<x?—4x+4 = 12<4x = zis purely imaginary
= x>3 = Re(z)>3 10. (© (x-11+8=0 = (x-D=(2) '
3. () Letthecircle be |z - zy| = r. Then according to given © (x-17"+8=0 =D=M
conditions |z, —z,|=r+aand |z,—z,|=r + b. Eliminating =x—1=-20r 20 or — 2?2
rwegetlz0 zlf —lzg—z,|=a-b. — lorl-2 1202
Locusofcentrezolsfz z)| -z —z,| = a — b, which orx=—lorl—-zworl—20m".
represents a hyperbola. 1. (© |z+z31=|z|+|22] = z and z,are collinear
4 @ |ZoHZ|oHz|oHzo=1 and are to the same side of origin; hence arg z; —arg
Arg(zw) = arg(z) + arg(ow) = —arg(z) + arg® 2z, =0.
C T e 0 — I
5 . (¢) Asgivenw= 1 = |w|= =1
z——i ——=i
5. @ 2igz+b=0; 1tz =-a&zz=b 3 2511

0,2,z form an equilateral A

1.
>lz|=|z-2i
3

02 + 212 + 222 = O.Zl +2z1.2p + 22.0
(for an equilateral triangle, . .. . ).
5 s 2 = distance of z from origin and point | 0, — | is
2| +zZp t2z3 =212y +2p2Z3 + Z3Zl) 3
same hence z lies on bisector of the line joining

2 2
=4 +n" =50 (4+2) =37z ~a’=3b points (0, 0) and (0, 1/3).
Y iy x Hence z lies on a straight line.
6. O (11) =1 :[( +’;} -1 3. @
- xl_l g: sin n+zcoszk7t kn isin 2k
(142 +2) STe SThe
M} 1@ =1 ~x=4n; nel® k=1 T
1+1 un. (10 _ﬂ
7. (¢) argzw=mn = arg z+argw=7...(1) _lze =i ze 11
z+iw=0=>z=—iw

2n.  4m.

) T
LZ=iw=>argz=—+argw L, i
2 =ill+e Il 4¢ 11 +....11terms]—i

—arg z= %Ht—arg z (from(l)) .. arg z = %t

o 11 )
1 | =£= 21
2 3 . \3 . . i 1 ( 11) . l1-e
8. @ 3-piig =z=p +(g) +3plig)p+iq) =il ¢ L _\=i =i| T a5 |~i
_2m, e 11
—iy=p® -3pg* +i3p’q-q°) [ 1-e 1 ¢
=ix0—i [reM =1 ==i

x
nx=p -3pg® =>==p® -3¢
14 4. @ >+z+1=0 = z=o0 or o’

y=q3—3p2q:§=q2—3p2 So, 24 L=+ 0? =1
z
1 1
.'.£+X=—2pz—2q2 .’.[£+XJ/(p2+q2)=—2 22+—2=m2+ =-1, z +—3—m3+03 =2
P q P q z z
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MS32 @ Topic-wise Solved Papers - MATHEMATICS '
2 2 :
z4+i4=—1, 25+L5=—1 and z6+i6=2 Im X7 -y +2ixy =0
z z z = (x-1)+iy

.. Thegivensum=1+1+4+1+1+4=12 . .
15. (@) =z lies oﬁ or inside the circle with centre (4, 0) and = Im [(? -y + 2”?') (xz— 1)-)]=0
radius 3 units. = 2 (x-1)-yx°-y)=0
= yx?+y2-2x)=0 = y=0; x> +y>-2x=0
.. zlies either on real axis or on a circle through origin.
Im. 22. (¢) Given|z|=1,argz=0

—7,0m_ Real
(‘ ) (4,00 \(-L0) cal

X v s arg G:—;) = arg [IH—T} =arg(2)=0.

Y

1
As we know, Z = 2

z

Y 23. (b) Weknow minimum value of |Z; + Z,|is | |Z,|—|Z,||
From the Argand diagram maximum value of |z + 1| is 6 1 1
_ . . Z + - . Z R
16. (© (L] _ 1 _ _1 Thus minimum value of 5|18 | Z | > ‘
i-1/ —i-1 i+l . .
17. @ GivenS={(x,y):y=x+1land0<x<2} | Z+=|L|Z|+=
- x#x +1foranyx €(0,2) = (x,x) ¢ S 2 2
.. Sis not reflexive. ) 1 1 1
Hence S in not an equivalence relation. Since, | Z [> 2 therefore 2— > <|Z+ > <2+ 3

Also T ={x,y): x—yisan integer}

--x—x=01saninteger Vx € R 3 1] 5
.. Tisreflexive. = 5< Z+5 < P
If x—y is an integer then y —x is also an integer

. Tis symmetric 71 -2z,

If x —yis an integer and y — z is an integer then 24. (@) =1 = |Zl ‘222|2 = |2_2172|2
(x—y)+ (y—z)=x-—zisalso an integer.
. Tistransitive

Hence T'is an equivalence relation.

18. (@ Letz=x+iy

2— 2122

= (21 —225)(71 - 223) = 2~ 217,)(2 - 21Z)
= (71 -225)(7 - 27) = (2-212,)(2 - 7125)

7)) = 22,7, — 27,2, + 42,7
e 1| = |z + 1|1 + 5% = (x +1)2 4 372 = (%171 -2 — 222, + 42,7,

= Rez=0 = x=0

lz=1|=|z=i|(x-1)% +y* =x* +(y-1)°
= 2 2 2

==y = |z’ +4lz,f -4-|z[ |z =0

|z+1|=|z= i (e + D)% +y% = 2% + (- 1)? ) :

Only (0, 0) will satisfy all conditions. (|Z'| _4)(1_|22| )=0

= Number of complex numberz =1 |zz|¢l |Zl|2 4= |Zl|=2

= Point z, lies on circle of radius 2.

=4- 22122 - 22122 + 21212222

= |z +4fz,f = 4+[z,] |2

19. (c¢) - Real partofrootsis 1
Letrootsare 1 +pi, 1 +¢
. sum ofroots =1 + pi + 1 + gi = — o which is real
= g =—porroot are 25. (b) Rationalizing the given expression

1+ piand 1 - pi product of roots = 1 + p? = Be (1, ) (2 +3isin B)(1 + 2isin ©)
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p # 0 asroots are distinct.

(1+ )’ =A+Ba; (~o?)’=A+Bo
—w*=A+Bo; 1+o=A+Bow
=A=1,B=1.

Letz=x+iy .. z2=x%-y2+ 2ixy

Z2 Z2
Now — isreal=> Im | — |=0
z-1 z-1

1+4sin’ @
For the given expression to be purely imaginary, real
part of the above expression should be equal to zero.
2—6sin’ 0
]

. 1 . 1
0 =sin?0=— =sin0=1t—
1+4sin® 0 3 \/3
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